Chapter Two 5

ELECTROSTATIC
POTENTIAL AND
CAPACITANCE

e
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2.1 INTRODUCTION

In Chapters 5 and 7 (Class XI), the notion of potential energy was
introduced. When an external force does work in taking a body from a
point to another against a force like spring force or gravitational force,
that work gets stored as potential energy of the body. When the external
force is removed, the body moves, gaining kinetic energy and losing
an equal amount of potential energy. The sum of kinetic and
potential energies is thus conserved. Forces of this kind are called
conservative forces. Spring force and gravitational force are examples of
conservative forces.

Coulomb force between two (stationary) charges is also a conservative
force. This is not surprising, since both have inverse-square dependence
on distance and differ mainly in the proportionality constants - the
masses in the gravitational law are replaced by charges in Coulomb’s
law. Thus, like the potential energy of a mass in a gravitational
field, we can define electrostatic potential energy of a charge in an
electrostatic field.

Consider an electrostatic field E due to some charge configuration.
First, for simplicity, consider the field E due to a charge Q placed at the
origin. Now, imagine that we bring a test charge q from a point R to a
point P against the repulsive force on it due to the charge Q. With reference
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r toFig. 2.1, this will happen if @ and g are both positive
q or both negative. For definiteness, let us take @, g> 0.
Two remarks may be made here. First, we assume

@ that the test charge gis so small that it does not disturb
0 the original configuration, namely the charge Q at the
origin (or else, we keep Q fixed at the origin by some

FIGURE 2.1 A test charge g (> 0) is unspecified force). Second, in bringing the charge g from

moved from the point R to the R to P, we apply an external force F_ just enough to
point P against the repulsive counter the repulsive electric force F (i.e, F_ = -F,).
force on it by the charge Q (> 0) This means there is no net force on or acceleration of
placed at the origin. the charge g when it is brought from R to P, i.e., it is

brought with infinitesimally slow constant speed. In
this situation, work done by the external force is the negative of the work
done by the electric force, and gets fully stored in the form of potential
energy of the charge q. If the external force is removed on reaching P, the
electric force will take the charge away from Q — the stored energy (potential
energy) at P is used to provide kinetic energy to the charge g in such a
way that the sum of the kinetic and potential energies is conserved.
Thus, work done by external forces in moving a charge g from Rto P is
p
WRP = J.Fext -dr

R

B
- —[F, .dr @.1)
R

This work done is against electrostatic repulsive force and gets stored
as potential energy.

At every point in electric field, a particle with charge g possesses a
certain electrostatic potential energy, this work done increases its potential
energy by an amount equal to potential energy difference between points

Rand P.
Thus, potential energy difference
AU =U, -Ug = Wy, (2.2)

(Note here that this displacement is in an opposite sense to the electric

force and hence work done by electric field is negative, i.e., -W,.)
Therefore, we can define electric potential energy difference between

two points as the work required to be done by an external force in moving

(without accelerating) charge q from one point to another for electric field

of any arbitrary charge configuration.

Two important comments may be made at this stage:

(i) The right side of Eq. (2.2) depends only on the initial and final positions
of the charge. It means that the work done by an electrostatic field in
moving a charge from one point to another depends only on the initial
and the final points and is independent of the path taken to go from
one point to the other. This is the fundamental characteristic of a
conservative force. The concept of the potential energy would not be
meaningful if the work depended on the path. The path-independence
of work done by an electrostatic field can be proved using the

46 Coulomb’s law. We omit this proof here.
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(i) Equation (2.2) defines potential energy difference in terms
of the physically meaningful quantity work. Clearly,
potential energy so defined is undetermined to within an
additive constant.What this means is that the actual value
of potential energy is not physically significant; it is only
the difference of potential energy that is significant. We can
always add an arbitrary constant «a to potential energy at
every point, since this will not change the potential energy
difference:

Up+a)-(Ug+a)=U, -Ug

Put it differently, there is a freedom in choosing the point
where potential energy is zero. A convenient choice is to have
electrostatic potential energy zero at infinity. With this choice,
if we take the point R at infinity, we get from Eq. (2.2)

W,,=U,-U, =U, 2.3)

Since the point P is arbitrary, Eq. (2.3) provides us with a
definition of potential energy of a charge g at any point.
Potential energy of charge q at a point (in the presence of field
due to any charge configuration) is the work done by the
external force (equal and opposite to the electric force) in
bringing the charge q from infinity to that point.

2.2 ELECTROSTATIC POTENTIAL

Consider any general static charge configuration. We define
potential energy of a test charge q in terms of the work done
on the charge g. This work is obviously proportional to g, since
the force at any point is gE, where E is the electric field at that
point due to the given charge configuration. It is, therefore,
convenient to divide the work by the amount of charge g, so
that the resulting quantity is independent of g. In other words,
work done per unit test charge is characteristic of the electric
field associated with the charge configuration. This leads to
the idea of electrostatic potential V due to a given charge
configuration. From Eq. (2.1), we get:

Work done by external force in bringing a unit positive
charge from point R to P

= VP_VR E:UP;URE

Count Alessandro Volta
(1745 - 1827) Italian
physicist, professor at
Pavia. Volta established
that the animal electri-
city observed by Luigi
Galvani, 1737-1798, in
experiments with frog
muscle tissue placed in
contact with dissimilar
metals, was not due to
any exceptional property
of animal tissues but
was also generated
whenever any wet body
was sandwiched between
dissimilar metals. This
led him to develop the
first voltaic pile, or
battery, consisting of a
large stack of moist disks
of cardboard (electro-
lyte) sandwiched
between disks of metal
(electrodes).

(2.4)

where V,and V,, are the electrostatic potentials at P and R, respectively.
Note, as before, that it is not the actual value of potential but the potential
difference that is physically significant. If, as before, we choose the

potential to be zero at infinity, Eq. (2.4) implies:

Work done by an external force in bringing a unit positive charge

from infinity to a point = electrostatic potential (V) at that point.
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In other words, the electrostatic potential (V')
R at any point in a region with electrostatic field is
the work done in bringing a unit positive
®q, P charge (without acceleration) from infinity to
that point.
Da The qualifying remarks made earlier regarding
EB% Oq, potential energy also apply to the definition of
=) potential. To obtain the work done per unit test
% charge, we should take an infinitesimal test charge
FIGURE 2.2 Work done on a test charge g 0q, obtain the work done 6W in bringing it from
by the electrostatic field due to any given infinity to the point and determine the ratio
charge configuration is independent 6W/8q. Also, the external force at every point of the
of the path, and depends only on . . .
T . o path is to be equal and opposite to the electrostatic
its initial and final positions.
force on the test charge at that point.

2.3 POTENTIAL DUE TO A POoINT CHARGE

Consider a point charge Q at the origin (Fig. 2.3). For definiteness, take Q
to be positive. We wish to determine the potential at any point P with
position vector r from the origin. For that we must

o @ calculate the work done in bringing a unit positive
% {\ test charge from infinity to the point P. For Q > 0,
LSS SRS (¢ the work done against the repulsive force on the
/ P/ test charge is positive. Since work done is
independent of the path, we choose a convenient
* path — along the radial direction from infinity to
q the point P.

At some intermediate point P’ on the path, the
electrostatic force on a unit positive charge is

¢}

FIGURE 2.3 Work done in bringing a unit

positive test charge from infinity to the Qx1 _
point P, against the repulsive force of W (2.5)
charge Q (@ > 0), is the potential at P due to
the charge Q. where r'is the unit vector along OP'. Work done
against this force from r’' tor’' + Ar' is
_ Q :
AW = - e ® Ar (2.6)

The negative sign appears because for Ar’ < 0, AW is positive. Total
work done (W) by the external force is obtained by integrating Eq. (2.6)
fromr'=wtor'=r,

—_— . Q L — Q " — Q
W - _I4 12 r = r - (2-7]
) ATiE,r amer' | 4TEr
This, by definition is the potential at P due to the charge Q
Q
Vv =
48 0= e r (2.8)
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Equation (2.8) is true for any 5 i — 7
sign of the charge Q, though we 454 — 1/
considered @ > O in its derivation. al
For @<0, V<0, i.e., work done (by
the external force) per unit positive 35r
test charge in bringing it from . 3}
infinity to the pointis negative. This  or 45|
is equivalent to saying that work V
done by the electrostatic force in 2r
bringing the unit positive charge 1.5
form infinity to the point P is 1k
positive. [This is as it should be,
since for Q < 0, the force on a unit O's i

positive test charge is attractive, so
that the electrostatic force and the
displacement (from infinity to P) are FIGURE 2.4 Variation of potential V with r [in units of
(Q/4ns) m™!] (blue curve) and field with r [in units

of (Q/4ney) m™?] (black curve) for a point charge Q.

Il Il L
0 05 1 1.5 2 25 3 3.5 4 45

in the same direction.] Finally, we
note that Eq. (2.8) is consistent with
the choice that potential at infinity
be zero.

Figure (2.4) shows how the electrostatic potential (« 1/r) and the
electrostatic field (oc 1/r?) varies with r.

Example 2.1

(a) Calculate the potential at a point P due to a charge of 4 X 107°C
located 9 cm away.

(b) Hence obtain the work done in bringing a charge of 2 x 10° C
from infinity to the point P. Does the answer depend on the path
along which the charge is brought?

Solution

74
@ V=2 _9x10°Nm? c2x 20 C
4ne, T 0.09m

=4x10'V
(b) W=qV=2x10°C x 4 x 10*V

=8x10°J
No, work done will be path independent. Any arbitrary infinitesimal
path can be resolved into two perpendicular displacements: One along
r and another perpendicular to r. The work done corresponding to
the later will be zero.

1°Z TTANVXY

2.4 POTENTIAL DUE TO AN ELECTRIC DIPOLE

As we learnt in the last chapter, an electric dipole consists of two charges
g and —q separated by a (small) distance 2a. Its total charge is zero. It is
characterised by a dipole moment vector p whose magnitude is g X 2a
and which points in the direction from —q to g (Fig. 2.5). We also saw that
the electric field of a dipole at a point with position vector r depends not
just on the magnitude r, but also on the angle between r and p. Further, 49
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Zp the field falls off, at large distance, not as

e ’:: : ;’; 1/r? (typical of field due to a single charge)
D’,/—”’ P but as 1/r°. We, now, determine the electric
q T PR pd otential due to a dipole and contrast it
- B P p p
A ®- . T s with the potential due to a single charge.
: /‘fz"' 7 As before, we take the origin at the
‘a PR i centre of the dipole. Now we know that the
H -7 s . . cqs
5 o e electric field obeys the superposition
2a j/\’ d principle. Since potential is related to the
Pl 0 RNt work done by the field, electrostatic
pd potential also follows the superposition
ra /// principle. Thus, the potential due to the
7 dipole is the sum of potentials due to the
M :;1 charges g and —q
1 Og qU
e . . = ERg— 2.9)
FIGURE 2.5 Quantities involved in the calculation 4Te, By 1
of potential due to a dipole. where r; and r, are the distances of the
point P from g and —q, respectively.
Now, by geometry,
7 =r’ +a”® - 2ar coso
r; =r*+a® +2ar cosf (2.10)
We take r much greater than a (» >> a) and retain terms only upto
the first order in a/r
0 2acosf a0
r=rrd-—"———+—
' g r r? H
2acos6
Or? al {—N (2.11)
r
Similarly,
2acos6(
2 = 2 % +
r, ur - H (2.12)
Using the Binomial theorem and retaining terms upto the first order
in a/r; we obtain,
2acos6 D
— D % —_— D §+—cosea [2.13(a)]
2acos6 |]
—D %l —_— D @——cos@a [2.13(b)]
Usmg Egs. (2.9) and (2.13) and p = 2qga, we get
V= q 2acosf _ pcos6
ame, r? 4me,r? (2.14)
50 Now, p cos 6= p.r
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where r is the unit vector along the position vector OP.
The electric potential of a dipole is then given by

1 p.r
V = _—.
ame, 2 (r>>a) (2.15)

Equation (2.15) is, as indicated, approximately true only for distances
large compared to the size of the dipole, so that higher order terms in
a/r are negligible. For a point dipole p at the origin, Eq. (2.15) is, however,
exact.

From Eq. (2.15), potential on the dipole axis (0= 0, n) is given by

1
4me, r

S

V==z (2.16)

N

(Positive sign for 6 = 0, negative sign for 6 = n.) The potential in the
equatorial plane (0 = n/2) is zero.
The important contrasting features of electric potential of a dipole
from that due to a single charge are clear from Egs. (2.8) and (2.15):
(i) The potential due to a dipole depends not just on r but also on the
angle between the position vector r and the dipole moment vector p.
(It is, however, axially symmetric about p. That is, if you rotate the
position vector r about p, keeping 6 fixed, the points corresponding
to P on the cone so generated will have the same potential as at P.)
(i) The electric dipole potential falls off, at large distance, as 1/r%, not as
1/r, characteristic of the potential due to a single charge. (You can
refer to the Fig. 2.5 for graphs of 1/ r? versus r and 1/r versus r,
drawn there in another context.)

2.5 POTENTIAL DUE TO A SYSTEM OF CHARGES

Consider a system of charges q,, q,...., g, with position vectors r,, r,....,
r relative to some origin (Fig. 2.6). The potential V| at P due to the charge
q, is

1 q
4TE‘QO rlP

V'l:

where r |, is the distance between g, and P.
Similarly, the potential V, at P due to g, and
V, due to g, are given by
-1 % oy ! G
4TE‘E‘O rZP ’

2 4ATE, Ty

. )
where r,, and r,, are the distances of P from %

charges q, and q,, respectively; and so on for the
potential due to other charges. By the FIGURE 2.6 Potential at a point due to a

superposition principle, the potential Vat P due system of charges is the sum of potentials
to the total charge configuration is the algebraic due to individual charges.

sum of the potentials due to the individual
charges
V=V, +V,+ ... +V (2.17) 51
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ExAmPLE 2.2

1 g,  q, q,U
= +—=—=+..... + = 2.18
4T, % Top Ip ( )

If we have a continuous charge distribution characterised by a charge
density p (r), we divide it, as before, into small volume elements each of
size AU and carrying a charge pAv. We then determine the potential due
to each volume element and sum (strictly speaking , integrate) over all
such contributions, and thus determine the potential due to the entire
distribution.

We have seen in Chapter 1 that for a uniformly charged spherical shell,
the electric field outside the shell is as if the entire charge is concentrated
at the centre. Thus, the potential outside the shell is given by

1 q

V= 4—]_[50? (r=R) [2.19(a)]

where q is the total charge on the shell and Rits radius. The electric field
inside the shell is zero. This implies (Section 2.6) that potential is constant
inside the shell (as no work is done in moving a charge inside the shell),
and, therefore, equals its value at the surface, which is

_ 1 q
V= 4z, R [2.19(b)]

Example 2.2 Two charges 3 X 10® C and -2 x 10® C are located
15 cm apart. At what point on the line joining the two charges is the
electric potential zero? Take the potential at infinity to be zero.

Solution Let us take the origin O at the location of the positive charge.

The line joining the two charges is taken to be the x-axis; the negative
charge is taken to be on the right side of the origin (Fig. 2.7).

o P A
@ @
3x10°C 15 cm -2x10°C
FIGURE 2.7

Let P be the required point on the x-axis where the potential is zero.
If x is the x-coordinate of P, obviously x must be positive. (There is no
possibility of potentials due to the two charges adding up to zero for
x < 0.) If x lies between O and A, we have

1 O3x10° 2x10° O

_ =0
4ame, Hx*x107  (15-xx102H
where x is in cm. That is,
3.2 _
x 15-x

which gives x = 9 cm.
If x lies on the extended line OA, the required condition is

3 2

x x-15
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which gives

X =45 cm

Thus, electric potential is zero at 9 cm and 45 cm away from the
positive charge on the side of the negative charge. Note that the
formula for potential used in the calculation required choosing
potential to be zero at infinity.

Example 2.3 Figures 2.8 (a) and (b) show the field lines of a positive
and negative point charge respectively.

(a)
(b)

(c)
(d)

(e)

N

/
I 7N,

() (b)

FIGURE 2.8

Give the signs of the potential difference V,- V; Vi - V,.

Give the sign of the potential energy difference of a small negative
charge between the points Q and P; A and B.

Give the sign of the work done by the field in moving a small
positive charge from Q to P.

Give the sign of the work done by the external agency in moving
a small negative charge from B to A.

Does the kinetic energy of a small negative charge increase or
decrease in going from B to A?

Solution

(a)

(b)

(c)

(d)

As VU % . Vp> V. Thus, (V= V) is positive. Also V;is less negative
than V, . Thus, V, >V, or (V- V,) is positive.

A small negative charge will be attracted towards positive charge.
The negative charge moves from higher potential energy to lower
potential energy. Therefore the sign of potential energy difference
of a small negative charge between Q and P is positive.
Similarly, (P.E.), > (P.E.); and hence sign of potential energy
differences is positive.

In moving a small positive charge from Q to P, work has to be
done by an external agency against the electric field. Therefore,
work done by the field is negative.

In moving a small negative charge from B to A work has to be
done by the external agency. It is positive.

Due to force of repulsion on the negative charge, velocity decreases
and hence the kinetic energy decreases in going from B to A.
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(a)

(b)

FIGURE 2.9 For a
single charge g
(a) equipotential

surfaces are
spherical surfaces
centred at the
charge, and
(b) electric field
lines are radial,
starting from the
charge if g > 0.

54

2.6 EQUIPOTENTIAL SURFACES

An equipotential surface is a surface with a constant value of potential
at all points on the surface. For a single charge g, the potential is given
by Eq. (2.8):

1 g
aTe, r

This shows that Vis a constant if ris constant. Thus, equipotential
surfaces of a single point charge are concentric spherical surfaces centred
at the charge.

Now the electric field lines for a single charge g are radial lines starting
from or ending at the charge, depending on whether qis positive or negative.
Clearly, the electric field at every point is normal to the equipotential surface
passing through that point. This is true in general: for any charge
configuration, equipotential surface through a point is normal to the
electric field at that point. The proof of this statement is simple.

If the field were not normal to the equipotential surface, it would
have non-zero component along the surface. To move a unit test charge
against the direction of the component of the field, work would have to
be done. But this is in contradiction to the definition of an equipotential
surface: there is no potential difference between any two points on the
surface and no work is required to move a test charge on the surface.
The electric field must, therefore, be normal to the equipotential surface
at every point. Equipotential surfaces offer an alternative visual picture
in addition to the picture of electric field lines around a charge

configuration.
\

V=

\ \
FIGURE 2.10 Equipotential surfaces for a uniform electric field.
For a uniform electric field E, say, along the x-axis, the equipotential

surfaces are planes normal to the x-axis, i.e., planes parallel to the y-z
plane (Fig. 2.10). Equipotential surfaces for (a) a dipole and (b) two
identical positive charges are shown in Fig. 2.11.

@ (b)

FIGURE 2.11 Some equipotential surfaces for (a) a dipole,
(b) two identical positive charges.
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2.6.1 Relation between field and potential

Consider two closely spaced equipotential surfaces A and B (Fig. 2.12)
with potential values Vand V + 6V, where §V is the change in Vin the
direction of the electric field E. Let P be a point on the
surface B. 5l is the perpendicular distance of the
surface A from P. Imagine that a unit positive charge
is moved along this perpendicular from the surface B
to surface A against the electric field. The work done
in this processis |E| 6L

This work equals the potential difference
V-V,

Thus,

|E|851=V-(V+6V)==6V

AE

ie. |E|=-%Y (2.20)
ol
Equipotentials
Since 6V is negative, 6V = — |6V|. we can rewrite FIGURE 2.12 From the
Eq (2.20) as potential to the field.
||:_5_V:+m (221]
ol ol y

We thus arrive at two important conclusions concerning the relation

between electric field and potential:

(i) Electric field is in the direction in which the potential decreases
Steepest.

(i) Its magnitude is given by the change in the magnitude of potential
per unit displacement normal to the equipotential surface at the point.

2.7 POTENTIAL ENERGY OF A SYSTEM OF CHARGES

Consider first the simple case of two charges g ,and g, with position vector
r, and r, relative to some origin. Let us calculate the work done
(externally) in building up this configuration. This means that we consider
the charges g, and g, initially at infinity and determine the work done by
an external agency to bring the charges to the given locations. Suppose,
first the charge q, is brought from infinity to the point r,. There is no
external field against which work needs to be done, so work done in
bringing g, from infinity to r, is zero. This charge produces a potential in
space given by

- L a
LoAme, T,
where r, is the distance of a point P in space from the location of q,.

From the definition of potential, work done in bringing charge g, from
infinity to the point r, is g, times the potential at r, due to q,:

_ 1 qq
work done on g, = _4”30 —r12 55
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r, where r , is the distance between points 1 and 2.
Since electrostatic force is conservative, this work gets
stored in the form of potential energy of the system. Thus,

a the potential energy of a system of two charges g, and q, is
FIGURE 2.13 Potential energy of a U = 1 qq,
system of charges q, and q, is ATie. 1 (2.22)
directly proportional to the product . _0 12 . .
of charges and inversely to the Obviously, if g, was brought first to its present location and
distance between them. q, brought later, the potential energy Uwould be the same.

More generally, the potential energy expression,
Eq. (2.22), is unaltered whatever way the charges are brought to the specified
locations, because of path-independence of work for electrostatic force.

Equation (2.22) is true for any sign of g,and q,. If q,q,> O, potential
energy is positive. This is as expected, since for like charges (q,q, > 0),
electrostatic force is repulsive and a positive amount of work is needed to
be done against this force to bring the charges from infinity to a finite
distance apart. For unlike charges (q, g, < 0), the electrostatic force is
attractive. In that case, a positive amount of work is needed against this
force to take the charges from the given location to infinity. In other words,
a negative amount of work is needed for the reverse path (from infinity to
the present locations), so the potential energy is negative.

Equation (2.22) is easily generalised for a system of any number of
point charges. Let us calculate the potential energy of a system of three
charges q,, q, and g, located at r,, r,, r,, respectively. To bring q, first
from infinity to r,, no work is required. Next we bring q, from infinity to
r,. As before, work done in this step is

1 qq,

V.(r,) =
q,V,(r,) ate, 1.,

(2.23)
The charges g, and g, produce a potential, which at any point P is
given by

1 Og, q,0
Vi, = L+ 22 2.24
Y2 4T, % Top H ( :
Work done next in bringing g, from infinity to the pointr,is g, times
V, ,atr,

1 0g.9; | G955 (2.25)
4Tie, H Ns Ty B
@ The total work done in assembling the charges
T at the given locations is obtained by adding the work
done in different steps [Eq. (2.23) and Eq. (2.25)],

T3 qsvvl,z(rs) =

& _ 1 D94, , 49 , %90

FIGURE 2.14 Potential energy of a 4TE, H

system of three charges is given by

Eq. (2.26), with the notation given
in the figure.

(2.26)
No N3 Tos

Again, because of the conservative nature of the
electrostatic force (or equivalently, the path
independence of work done), the final expression for
U, Eq. (2.26), is independent of the manner in which

56 the configuration is assembled. The potential energy
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is characteristic of the present state of configuration, and not the way
the state is achieved.

Example 2.4 Four charges are arranged at the corners of a square
ABCD of side d, as shown in Fig. 2.15.(a) Find the work required to
put together this arrangement. (b) A charge q, is brought to the centre
E of the square, the four charges being held fixed at its corners. How
much extra work is needed to do this?

+4q -4
AO OB

9o d

D O o ¢
-4 FIGURE 2.15 4

Solution

(a) Since the work done depends on the final arrangement of the

charges, and not on how they are put together, we calculate work

needed for one way of putting the charges at A, B, C and D. Suppose,

first the charge +q is brought to A, and then the charges —q, +q, and

—q are brought to B, C and D, respectively. The total work needed can

be calculated in steps:

(i) Work needed to bring charge +q to A when no charge is present
elsewhere: this is zero.

(ii) Work needed to bring —q to B when +q is at A. This is given by
(charge at B) x (electrostatic potential at B due to charge +q at A)

8 qg 0 _ ¢

=V Bine,dBT T ame,d

(iii) Work needed to bring charge +q to C when +q is at A and —q is at
B. This is given by (charge at C) X (potential at C due to charges
at A and B)

0 +q -q O

=+ +
a Emodf 4rrsodH

4T[£0d
(iv) Work needed to bring —q to D when +q at A,—q at B, and +q at C.

This is given by (charge at D) X (potential at D due to charges at A,
B and C)

_,d *q —q g U
~ Hime,a 4T[£Od\/— " ame,af

P g TTINVXG
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ExampPLE 2.4

Add the work done in steps (i), (ii), (iii) and (iv). The total work
required is

-q> 10 1 [
g 000+ - e B -
s )

The work done depends only on the arrangement of the charges, and
not how they are assembled. By definition, this is the total
electrostatic energy of the charges.

(Students may try calculating same work/energy by taking charges
in any other order they desire and convince themselves that the energy
will remain the same.)

(b) The extra work necessary to bring a charge g, to the point E when
the four charges are at A, B, C and D is g, X (electrostatic potential at
E due to the charges at A, B, C and D). The electrostatic potential at
E is clearly zero since potential due to A and C is cancelled by that
due to B and D. Hence, no work is required to bring any charge to
point E.

2.8 PotTENTIAL ENERGY IN AN EXTERNAL FIELD
2.8.1 Potential energy of a single charge

In Section 2.7, the source of the electric field was specified — the charges
and their locations - and the potential energy of the system of those charges
was determined. In this section, we ask a related but a distinct question.
What is the potential energy of a charge qin a given field? This question
was, in fact, the starting point that led us to the notion of the electrostatic
potential (Sections 2.1 and 2.2). But here we address this question again
to clarify in what way it is different from the discussion in Section 2.7.
The main difference is that we are now concerned with the potential
energy of a charge (or charges) in an external field. The external field E is
not produced by the given charge(s) whose potential energy we wish to
calculate. E is produced by sources external to the given charge(s).The
external sources may be known, but often they are unknown or
unspecified; what is specified is the electric field E or the electrostatic
potential V due to the external sources. We assume that the charge g
does not significantly affect the sources producing the external field. This
is true if g is very small, or the external sources are held fixed by other
unspecified forces. Even if q is finite, its influence on the external sources
may still be ignored in the situation when very strong sources far away
at infinity produce a finite field E in the region of interest. Note again that
we are interested in determining the potential energy of a given charge g
(and later, a system of charges) in the external field; we are not interested
in the potential energy of the sources producing the external electric field.
The external electric field E and the corresponding external potential
V may vary from point to point. By definition, V at a point P is the work
done in bringing a unit positive charge from infinity to the point P.
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(We continue to take potential at infinity to be zero.) Thus, work done in
bringing a charge q from infinity to the point P in the external field is qV.
This work is stored in the form of potential energy of q. If the point P has
position vector r relative to some origin, we can write:

Potential energy of g at r in an external field

=qV(r) (2.27)
where V(r) is the external potential at the pointr.

Thus, if an electron with charge g= e=1.6x10""? C is accelerated by
a potential difference of AV = 1 volt, it would gain energy of gAV = 1.6 x
107'°J. This unit of energy is defined as 1 electron volt or 1€V, i.e.,
1 eV=1.6 x 10 '°J. The units based on eV are most commonly used in
atomic, nuclear and particle physics, (1 keV = 10’V = 1.6 x 10'%J, 1 MeV
=10%V = 1.6 x 10'°J, 1 GeV = 10%V = 1.6 x 10'°J and 1 TeV = 10"%eV
= 1.6 x 107°J). [This has already been defined on Page 117, XI Physics
Part I, Table 6.1.]

2.8.2 Potential energy of a system of two charges in an
external field

Next, we ask: what is the potential energy of a system of two charges g,
and q, located at r and r,, respectively, in an external field? First, we
calculate the work done in bringing the charge g, from infinity to r,.
Work done in this step is g, V(r,), using Eq. (2.27). Next, we consider the
work done in bringing g, to r,. In this step, work is done not only against
the external field E but also against the field due to q,.

Work done on q, against the external field

=q, V(r,)

Work done on g, against the field due to q,

= 99
4T[€or12
where r,is the distance between g, and g,. We have made use of Egs.
(2.27) and (2.22). By the superposition principle for fields, we add up
the work done on g, against the two fields (E and that due to q,):
Work done in bringing g, to r,

4,9,

=q,V(r,)+
q2 (2) 4T[£or12

(2.28)

Thus,
Potential energy of the system
= the total work done in assembling the configuration

4,9,

=q,V(r)+q,V(r,)+
q,V(r)+q,V(r,) aTe,r,

(2.29)

Example 2.5

(a) Determine the electrostatic potential energy of a system consisting
of two charges 7 uC and -2 pC (and with no external field) placed
at (-9 cm, O, 0) and (9 cm, O, 0) respectively.

(b) How much work is required to separate the two charges infinitely
away from each other?
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() Suppose that the same system of charges is now placed in an
external electric field E = A (1/r%); A= 9 x 10° NC! m?. What would
the electrostatic energy of the configuration be?

Solution
— -12
(a) U=L%=9X109 XM
ang, r 0.18

b) W=U,-U, =0-U=0-(-0.7) =0.7 J.

() The mutual interaction energy of the two charges remains
unchanged. In addition, there is the energy of interaction of the
two charges with the external electric field. We find,

_ . 7uC —2pC
q,V (rl) + QzV(rz) =A 0.09m ta 0.09m

and the net electrostatic energy is

V() +q,V(r)+ 99 _ 5 THC | 4 T2UC _
ATIE T, 0.09m 0.09m

=70-20-0.7=49.3J

=-0.7 J.

0.7J

ExampLE 2.5

2.8.3 Potential energy of a dipole in an external field

Consider a dipole with charges g, = +g and g, = —g placed in a uniform
electric field E, as shown in Fig. 2.16.

As seen in the last chapter, in a uniform electric
field, the dipole experiences no net force; but
- experiences a torque 1 given by

t=px E (2.30)
which will tend to rotate it (unless p is parallel or

antiparallel to E). Suppose an external torque t_, is
applied in such a manner that it just neutralises this
torque and rotates it in the plane of paper from angle
0, to angle 6, at an infinitesimal angular speed and
without angular acceleration. The amount of work done

by the external torque will be given by

»
»

\4

»

W = ["1,(0)d6 = [" pEsin6 d6
FIGURE 2.16 Potential energy of a 8o oo

dipole in a uniform external field.
= pE(cos g, — cos 61) (2.31)

This work is stored as the potential energy of the system. We can
then associate potential energy U(6) with an inclination 6 of the dipole.
Similar to other potential energies, there is a freedom in choosing the
angle where the potential energy U is taken to be zero. A natural
choice is to take 6,=n/2. (An explanation for it is provided towards the
end of discussion.) We can then write,

60 U(e) = pE (cosg —cos 9) = pEcosg =-p.E (2.32)
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This expression can alternately be understood also from Eq. (2.29).
We apply Eq. (2.29) to the present system of two charges +q and —q. The
potential energy expression then reads

2
U'(6) =qlV (1) - V(x,)l —4n:—x% (2.33)
Here, r, and r, denote the position vectors of +q and -q. Now, the
potential difference between positions r, and r, equals the work done
in bringing a unit positive charge against field from r, to r,. The
displacement parallel to the force is 2a cos6. Thus, [V(r)-V (r,)] =
—-E X 2a cos6 . We thus obtain,

(o) = a q

U'(6) = ~pEcos 8 T p.E pr— (2.34)

We note that U’(0) differs from U(0) by a quantity which is just a constant
for a given dipole. Since a constant is insignificant for potential energy, we
can drop the second term in Eq. (2.34) and it then reduces to Eq. (2.32).

We can now understand why we took 6=r/2. In this case, the work
done against the external field E in bringing +q and - q are equal and
opposite and cancel out, i.e., [V (r,) -V (r,)]=0.

Example 2.6 A molecule of a substance has a permanent electric

dipole moment of magnitude 102° C m. A mole of this substance is

polarised (at low temperature) by applying a strong electrostatic field

of magnitude 10° V. m™. The direction of the field is suddenly changed

by an angle of 60°. Estimate the heat released by the substance in

aligning its dipoles along the new direction of the field. For simplicity,

assume 100% polarisation of the sample.

Solution Here, dipole moment of each molecules = 102°C m

As 1 mole of the substance contains 6 x 10%® molecules,

total dipole moment of all the molecules, p = 6 x 10**x 102° C m
=6x10°Cm

Initial potential energy, U, = —-pE cos 0 = -6x 10°%x10° cos 0° = -6 J

Final potential energy (when 6 = 60°), U, = -6 x 10°x 10° cos 60° = -3 J

Change in potential energy = -3 J — (-6J) = 3 J

So, there is loss in potential energy. This must be the energy released

by the substance in the form of heat in aligning its dipoles.

2.9 ELECTROSTATICS OF CONDUCTORS

Conductors and insulators were described briefly in Chapter 1.
Conductors contain mobile charge carriers. In metallic conductors, these
charge carriers are electrons. In a metal, the outer (valence) electrons
part away from their atoms and are free to move. These electrons are free
within the metal but not free to leave the metal. The free electrons form a
kind of ‘gas’; they collide with each other and with the ions, and move
randomly in different directions. In an external electric field, they drift
against the direction of the field. The positive ions made up of the nuclei
and the bound electrons remain held in their fixed positions. In electrolytic
conductors, the charge carriers are both positive and negative ions; but
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the situation in this case is more involved — the movement of the charge
carriers is affected both by the external electric field as also by the
so-called chemical forces (see Chapter 3). We shall restrict our discussion
to metallic solid conductors. Let us note important results regarding
electrostatics of conductors.

1. Inside a conductor, electrostatic field is zero

Consider a conductor, neutral or charged. There may also be an external
electrostatic field. In the static situation, when there is no current inside
or on the surface of the conductor, the electric field is zero everywhere
inside the conductor. This fact can be taken as the defining property of a
conductor. A conductor has free electrons. As long as electric field is not
zero, the free charge carriers would experience force and drift. In the
static situation, the free charges have so distributed themselves that the
electric field is zero everywhere inside. Electrostatic field is zero inside a
conductor.

2. At the surface of a charged conductor, electrostatic field
must be normal to the surface at every point

If E were not normal to the surface, it would have some non-zero
component along the surface. Free charges on the surface of the conductor
would then experience force and move. In the static situation, therefore,
E should have no tangential component. Thus electrostatic field at the
surface of a charged conductor must be normal to the surface at every
point. (For a conductor without any surface charge density, field is zero
even at the surface.) See result 5.

3. The interior of a conductor can have no excess charge in
the static situation

A neutral conductor has equal amounts of positive and negative charges
in every small volume or surface element. When the conductor is charged,
the excess charge can reside only on the surface in the static situation.
This follows from the Gauss’s law. Consider any arbitrary volume element
v inside a conductor. On the closed surface S bounding the volume
element v, electrostatic field is zero. Thus the total electric flux through S
is zero. Hence, by Gauss’s law, there is no net charge enclosed by S. But
the surface S can be made as small as you like, i.e., the volume v can be
made vanishingly small. This means there is no net charge at any point
inside the conductor, and any excess charge must reside at the surface.

4. Electrostatic potential is constant throughout the volume
of the conductor and has the same value (as inside) on
its surface

This follows from results 1 and 2 above. Since E = 0 inside the conductor

and has no tangential component on the surface, no work is done in

moving a small test charge within the conductor and on its surface. That

is, there is no potential difference between any two points inside or on
the surface of the conductor. Hence, the result. If the conductor is charged,
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electric field normal to the surface exists; this means potential will be
different for the surface and a point just outside the surface.

In a system of conductors of arbitrary size, shape and
charge configuration, each conductor is characterised by a constant
value of potential, but this constant may differ from one conductor to
the other.

5. Electric field at the surface of a charged conductor

o .
E="n (2.35)
0
where ¢ is the surface charge density and n is a unit vector normal
to the surface in the outward direction.

To derive the result, choose a pill box (a short cylinder) as the Gaussian
surface about any point P on the surface, as shown in Fig. 2.17. The pill
box is partly inside and partly outside the surface of the conductor. It
has a small area of cross section § S and negligible height.

Just inside the surface, the electrostatic field is zero; just outside, the
field is normal to the surface with magnitude E. Thus,
the contribution to the total flux through the pill box
comes only from the outside (circular) cross-section
of the pill box. This equals * ES§S (positive for o> 0,
negative for o < 0), since over the small area 6S, E
may be considered constant and E and 6S are parallel
or antiparallel. The charge enclosed by the pill box
is ©0oS. ’
By Gauss’s law Surface charge Surface of

density o Conductor
lojos
E6S="—
80
E= |_ (2.36)
80
Including the fact that electric field is normal to the FIGURE 2.17 The Gaussian surface
surface, we get the vector relation, Eq. (2.35), which (a pill box) chosen to derive Eq. (2.35)
is true for both signs of o. For o> 0, electric field is for electric field at the surface of a
normal to the surface outward; for ¢ < 0, electric field charged conductor.

is normal to the surface inward.

6. Electrostatic shielding

Consider a conductor with a cavity, with no charges inside the cavity. A
remarkable result is that the electric field inside the cavity is zero, whatever
be the size and shape of the cavity and whatever be the charge on the
conductor and the external fields in which it might be placed. We have
proved a simple case of this result already: the electric field inside a charged
spherical shell is zero. The proof of the result for the shell makes use of
the spherical symmetry of the shell (see Chapter 1). But the vanishing of
electric field in the (charge-free) cavity of a conductor is, as mentioned
above, a very general result. A related result is that even if the conductor 63
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FIGURE 2.18 The electric field inside a
cavity of any conductor is zero. All
charges reside only on the outer surface
of a conductor with cavity. (There are no

E is charged or charges are induced on a neutral
conductor by an external field, all charges reside
only on the outer surface of a conductor with cavity.
The proofs of the results noted in Fig. 2.18 are
omitted here, but we note their important
implication. Whatever be the charge and field
configuration outside, any cavity in a conductor
remains shielded from outside electric influence: the
* +\ >0 field inside the cavity is always zero. This is known
as electrostatic shielding. The effect can be made
use of in protecting sensitive instruments from
outside electrical influence. Figure 2.19 gives a
summary of the important electrostatic properties
of a conductor.

charges placed in the cavity.)

64

ExampPLE 2.7

FIGURE 2.19 Some important electrostatic properties of a conductor.

Example 2.7

(a) A comb run through one’s dry hair attracts small bits of paper.
Why?
What happens if the hair is wet or if it is a rainy day? (Remember,
a paper does not conduct electricity.)

(b) Ordinary rubber is an insulator. But special rubber tyres of
aircraft are made slightly conducting. Why is this necessary?

(c) Vehicles carrying inflammable materials usually have metallic
ropes touching the ground during motion. Why?

(d) A bird perches on a bare high power line, and nothing happens
to the bird. A man standing on the ground touches the same line
and gets a fatal shock. Why?

Solution

(a) This is because the comb gets charged by friction. The molecules
in the paper gets polarised by the charged comb, resulting in a
net force of attraction. If the hair is wet, or if it is rainy day, friction
between hair and the comb reduces. The comb does not get
charged and thus it will not attract small bits of paper.
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(b) To enable them to conduct charge (produced by friction) to the
ground; as too much of static electricity accumulated may result
in spark and result in fire.

(c) Reason similar to (b).

L' ¢ T1dNVXYH

(d) Current passes only when there is difference in potential.

2.10 DIELECTRICS AND POLARISATION

Dielectrics are non-conducting substances. In contrast to conductors,
they have no (or negligible number of ) charge carriers. Recall from Section
2.9 what happens when a conductor is placed in an
external electric field. The free charge carriers move
and charge distribution in the conductor adjusts
itself in such a way that the electric field due to
induced charges opposes the external field within
the conductor. This happens until, in the static
situation, the two fields cancel each other and the
net electrostatic field in the conductor is zero. In a
dielectric, this free movement of charges is not
possible. It turns out that the external field induces
dipole moment by stretching or re-orienting
molecules of the dielectric. The collective effect of all
the molecular dipole moments is net charges on the
surface of the dielectric which produce a field that
opposes the external field. Unlike in a conductor,
however, the opposing field so induced does not
exactly cancel the external field. It only reduces it.
The extent of the effect depends on the

nature of the dielectric. To understand the
effect, we need to look at the charge
distribution of a dielectric at the Non-polar
molecular level.
The molecules of a substance may be
Co,

polar or non-polar. In a non-polar H,
molecule, the centres of positive and
negative charges coincide. The molecule
then has no permanent (or intrinsic) dipole

moment. Examples of non-polar molecules Q
are oxygen (O,) and hydrogen (H,) l
molecules which, because of their Polar /
symmetry, have no dipole moment. On the P 6 a P
other hand, a polar molecule is one in which

HCI H,0

the centres of positive and negative charges
are separated (even when there is no
external field). Such molecules have a
permanent dipole moment. An ionic
molecule such as HCl or a molecule of water
(H,0O) are examples of polar molecules. 65

Dielectric
FIGURE 2.20 Difference in behaviour
of a conductor and a dielectric
in an external electric field.

FIGURE 2.21 Some examples of polar
and non-polar molecules.
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E£0 In an external electric field, the

positive and negative charges of a non-

=P =+ polar molecule are displaced in opposite
directions. The displacement stops when

E:—B the external force on the constituent

charges of the molecule is balanced by
@ @ E:‘B the restoring force (due to internal fields
in the molecule). The non-polar molecule

@ thus develops an induced dipole moment.

The dielectric is said to be polarised by

(a) Non-polar molecules

the external field. We consider only the
simple situation when the induced dipole

E%0 moment is in the direction of the field and
is proportional to the field strength.
@ % (Substances for which this assumption
> is true are called linear isotropic
Q dielectrics.) The induced dipole moments
@ of different molecules add up giving a net
Y dipole moment of the dielectric in the

EED presence of the external field.
A dielectric with polar molecules also

(b) Polar molecules

develops a net dipole moment in an
external field, but for a different reason.

FIGURE 2.22 A dielectric develops a net dipole In the absence of any external field, the

moment in an external electric field. (a) Non-polar
molecules, (b) Polar molecules.

66

different permanent dipoles are oriented
randomly due to thermal agitation; so
the total dipole moment is zero. When
an external field is applied, the individual dipole moments tend to align
with the field. When summed overall the molecules, there is then a net
dipole moment in the direction of the external field, i.e., the dielectric is
polarised. The extent of polarisation depends on the relative strength of
two mutually opposite factors: the dipole potential energy in the external
field tending to align the dipoles with the field and thermal energy tending
to disrupt the alignment. There may be, in addition, the ‘induced dipole
moment’ effect as for non-polar molecules, but generally the alignment
effect is more important for polar molecules.

Thus in either case, whether polar or non-polar, a dielectric develops
a net dipole moment in the presence of an external field. The dipole
moment per unit volume is called polarisation and is denoted by P. For
linear isotropic dielectrics,

P=¢x E (2.37)
where y is a constant characteristic of the dielectric and is known as the
electric susceptibility of the dielectric medium.

It is possible to relate y, to the molecular properties of the substance,
but we shall not pursue that here.

The question is: how does the polarised dielectric modify the original
external field inside it? Let us consider, for simplicity, a rectangular
dielectric slab placed in a uniform external field E, parallel to two of its
faces. The field causes a uniform polarisation P of the dielectric. Thus
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every volume element Av of the slab has a dipole moment ——E

P Avin the direction of the field. The volume element AV is m m
macroscopically small but contains a very large number of E:-E @
molecular dipoles. Anywhere inside the dielectric, the —H=+H ==
volume element AU has no net charge (though it has net

dipole moment). This is, because, the positive charge of one @ @ E:‘E @

dipole sits close to the negative charge of the adjacent dipole.

However, at the surfaces of the dielectric normal to the - w @ @ m

P o
electric field, there is evidently a net charge density. As seen w w P
in Fig 2.23, the positive ends of the dipoles remain E:-D @
unneutralised at the right surface and the negative ends at -+ @ E—B =+

the left surface. The unbalanced charges are the induced
charges due to the external field. @ E:‘D @ @

Thus, the polarised dielectric is equivalent to two charged

surfaces with induced surface charge densities, say o Y w @ @ m

and -o,,. Clearly, the field produced by these surface charges — P

opposes the external field. The total field in the dielectric FIGURE 2.23 A uniformly
is, thereby, reduced from the case when no dielectric is polarised dielectric amounts
present. We should note that the surface charge density to induced surface charge
+o,arises from bound (not free charges) in the dielectric. density, but no volume

charge density.
2.11 CaraciTors AND CAPACITANCE

A capacitor is a system of two conductors separated by an insulator
(Fig. 2.24). The conductors have charges, say Q, and Q,, and potentials
V, and V,. Usually, in practice, the two conductors have charges Q
and - Q, with potential difference V = V, - V, between them. We shall
consider only this kind of charge configuration of the capacitor. (Even a
single conductor can be used as a capacitor by assuming the other at
infinity.) The conductors may be so charged by connecting them to the
two terminals of a battery. Qis called the charge of the capacitor, though
this, in fact, is the charge on one of the conductors - the total charge of
the capacitor is zero.

The electric field in the region between the
conductors is proportional to the charge Q. That
is, if the charge on the capacitor is, say doubled,
the electric field will also be doubled at every point.
(This follows from the direct proportionality
between field and charge implied by Coulomb’s
law and the superposition principle.) Now,
potential difference V is the work done per unit
positive charge in taking a small test charge from Conductor 1 Conductor 2

the conductor 2 to 1 against the field. FIGURE 2.24 A system of two conductors
Consequently, Vis also proportional to Q, and the  separated by an insulator forms a capacitor.
ratio Q/Vis a constant:

C= % (2.38)
The constant C is called the capacitance of the capacitor. C is independent

of Q or V, as stated above. The capacitance C depends only on the 67
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charge density ¢

geometrical configuration (shape, size, separation) of the system of two
conductors. [As we shall see later, it also depends on the nature of the
insulator (dielectric) separating the two conductors.] The SI unit of
capacitance is 1 farad (=1 coulomb volt') or 1 F =1 C V', A capacitor
with fixed capacitance is symbolically shown as - |-, while the one with
variable capacitance is shown as .

Equation (2.38) shows that for large C, Vis small for a given Q. This
means a capacitor with large capacitance can hold large amount of charge
© at a relatively small V. This is of practical importance. High potential
difference implies strong electric field around the conductors. A strong
electric field can ionise the surrounding air and accelerate the charges so
produced to the oppositely charged plates, thereby neutralising the charge
on the capacitor plates, at least partly. In other words, the charge of the
capacitor leaks away due to the reduction in insulating power of the
intervening medium.

The maximum electric field that a dielectric medium can withstand
without break-down (of its insulating property) is called its dielectric
strength; for air it is about 8 X 10° V™. For a separation between
conductors of the order of 1 cm or so, this field corresponds to a potential
difference of 3 x 10* V between the conductors. Thus, for a capacitor to
store a large amount of charge without leaking, its capacitance should
be high enough so that the potential difference and hence the electric
field do not exceed the break-down limits. Put differently, there is a limit
to the amount of charge that can be stored on a given capacitor without
significant leaking. In practice, a farad is a very big unit; the most common
units are its sub-multiples 1 uF = 10°F, 1nF=10°F, 1 pF = 10 '?F,
etc. Besides its use in storing charge, a capacitor is a key element of most
ac circuits with important functions, as described in Chapter 7.

2.12 THE PARALLEL PLATE CAPACITOR

A parallel plate capacitor consists of two large plane parallel conducting
plates separated by a small distance (Fig. 2.25). We first take the
intervening medium between the plates to be

Area A vacuum. The effect of a dielectric medium between

J/ the plates is discussed in the next section. Let A be

1 the area of each plate and d the separation between

+ + 4+ + + + + + + + o+

them. The two plates have charges Q and —Q. Since
dis much smaller than the linear dimension of the

Q

field by an infinite plane sheet of uniform surface

J J J J J plates (d? << A), we can use the result on electric
E

charge density (Section 1.15). Plate 1 has surface

——————— charge density o = Q/A and plate 2 has a surface

2 charge density —o. Using Eq. (1.33), the electric field

Surface
charge density - o

in different regions is:
II

Outer region I (region above the plate 1),

FIGURE 2.25 The parallel plate capacitor.

68

g g

=— —— =0
5e. 2z, (2.39)
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Outer region II (region below the plate 2),
_ o o
T 2g 26
In the inner region between the plates 1 and 2, the electric fields due
to the two charged plates add up, giving

=0 (2.40)

_ o o _o_ @
28, 2&, & A

(2.41)

The direction of electric field is from the positive to the negative plate.

Thus, the electric field is localised between the two plates and is
uniform throughout. For plates with finite area, this will not be true near
the outer boundaries of the plates. The field lines bend outward at the
edges — an effect called ‘fringing of the field'. By the same token, ¢ will
not be strictly uniform on the entire plate. [E and o are related by Eq.
(2.35).] However, for d* << A, these effects can be ignored in the regions
sufficiently far from the edges, and the field there is given by Eq. (2.41).
Now for uniform electric field, potential difference is simply the electric
field times the distance between the plates, that is,

1 Qd
V=Ed=—=—
5 A (2.42)
The capacitance C of the parallel plate capacitor is then
Q EA
C== = ="2_
v d (2.43)

which, as expected, depends only on the geometry of the system. For
typical values like A= 1m? d=1 mm, we get
-12 ~20\7-1,, 2 2
C= 8.85x10 C_SN m - x1lm — 8.85x10°F (2.44)
107 m
(You can check that if 1F= 1C V! = 1C (NC'm)' =1 C®N'm™)
This shows that 1F is too big a unit in practice, as remarked earlier.
Another way of seeing the ‘bigness’ of 1F is to calculate the area of the
plates needed to have C = 1F for a separation of, say 1 cm:
a=0d_ IF x10?m
& 8.85x107C’°N'm™
which is a plate about 30 km in length and breadth!

=10°m? (2.45)

2.13 EFrreECT OF DIELECTRIC ON CAPACITANCE

With the understanding of the behaviour of dielectrics in an external
field developed in Section 2.10, let us see how the capacitance of a parallel
plate capacitor is modified when a dielectric is present. As before, we
have two large plates, each of area A, separated by a distance d. The
charge on the plates is £Q, corresponding to the charge density +o (with
o= Q/A). When there is vacuum between the plates,
o
E, :
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and the potential difference V,is

V, = E,d
The capacitance C; in this case is
Q A
C.===c —
0 v, °q (2.46)

Consider next a dielectric inserted between the plates fully occupying
the intervening region. The dielectric is polarised by the field and, as
explained in Section 2.10, the effect is equivalent to two charged sheets
(at the surfaces of the dielectric normal to the field) with surface charge
densities o, and —c . The electric field in the dielectric then corresponds
to the case when the net surface charge density on the plates is +(o— o,)
Thatis,

o-o0,
E = r
& (2.47)
so that the potential difference across the plates is
v=kd=2"%%4 (2.48)

80
For linear dielectrics, we expect o, to be proportional to E, i.e., to c.
Thus, (o- cp) is proportional to ¢ and we can write
o

0-0, =4 (2.49)

where Kis a constant characteristic of the dielectric. Clearly, K> 1. We
then have

_od _ Qd
£ K AgK (2.50)
The capacitance C, with dielectric between the plates, is then
_0Q _&KA
v a (2.51)

The product ¢)K is called the permittivity of the medium and is
denoted by ¢
e=¢g K (2.52)
For vacuum K= 1 and ¢ = ¢,; ¢, is called the permittivity of the vacuum.
The dimensionless ratio

£
K=—

& (2.53)
is called the dielectric constant of the substance. As remarked before,
from Eq. (2.49), it is clear that K is greater than 1. From Egs. (2.46) and
(2.51)

C

K=—
C, (2.54)
Thus, the dielectric constant of a substance is the factor (>1) by which
the capacitance increases from its vacuum value, when the dielectric is
inserted fully between the plates of a capacitor. Though we arrived at
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Eq. (2.54) for the case of a parallel plate capacitor, it holds good for any
type of capacitor and can, in fact, be viewed in general as a definition of

the dielectric constant of a substance.

Example 2.8 A slab of material of dielectric constant K has the same
area as the plates of a parallel-plate capacitor but has a thickness
(3/4)d, where d is the separation of the plates. How is the capacitance
changed when the slab is inserted between the plates?

Solution Let E, = V,/d be the electric field between the plates when
there is no dielectric and the potential difference is V,.. If the dielectric
is now inserted, the electric field in the dielectric will be E = E /K.

The potential difference will then be
1 E, 3
V=E/(-d)+-2(-d
ol z ) — ( z )

+
e By oy BiE
4 4K 4K

The potential difference decreases by the factor (K + 3)/4K while the
free charge Q, on the plates remains unchanged. The capacitance

thus increases
_9 _ 4K 9, _ 4K

=0 — G,
V K+3V, K+3

2.14 CoMBINATION OF CAPACITORS

We can combine several capacitors of
capacitance C,, C,,..., C_ to obtain a system with
some effective capacitance C. The effective
capacitance depends on the way the individual
capacitors are combined. Two simple
possibilities are discussed below.

2.14.1 Capacitors in series

Figure 2.26 shows capacitors C, and C,
combined in series.

The left plate of C, and the right plate of C,
are connected to two terminals of a battery and
have charges Q and —-Q , respectively. It then
follows that the right plate of C, has charge -Q
and the left plate of C, has charge Q. If this was
not so, the net charge on each capacitor would
not be zero. This would result in an electric field
in the conductor connecting C,and C,. Charge
would flow until the net charge on both C, and
C, is zero and there is no electric field in the
conductor connecting C, and C,. Thus, in the
series combination, charges on the two plates
(xQ) are the same on each capacitor. The total

8° T TTAWVXG

+ + + +
+ 4+ 4+ +

+ + + +
|
+ + + +

C, G,
FIGURE 2.26 Combination of two
capacitors in series.

9 -9 9 -9 9 -9 Q -9
+ -+ -+ - + -
+ -+ - 4+ - + -
+ -+ -+ - + -
+ -+ -+ - + -
+ - 4+ -+ - + -
+ -+ -+ - + -
+ -+ -+ - + -
+ -+ -+ - + -

cl cz cs Cn
FIGURE 2.27 Combination of n
capacitors in series. 71
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9, -9,
+ -
+ -
+ -
+ -
+ -
+ -
+ _
+ -
C,
Q, -0,
+ -
+ _
+ _
+ -
+ -
+ _
+ -
+ -
C,
—V—>

FIGURE 2.28 Parallel combination of
(a) two capacitors, (b) n capacitors.

72

(a)

potential drop V across the combination is the sum of the potential drops
V, and V, across C, and C,, respectively.

9.9
_ _ =24+ =
V_ Vl + V2 - Cl C2 (2.55]
V_1 1
ST~ A (2.56)

Now we can regard the combination as an effective capacitor with
charge Q and potential difference V. The effective capacitance of the
combination is

Q
C==
v (2.57)
We compare Eq. (2.57) with Eq. (2.56), and obtain
11,1
c ¢ c (2.58)

The proof clearly goes through for any number of capacitors arranged
in a similar way. Equation (2.55), for n capacitors arranged in series,
generalises to

©
©

E V:V1+V2+...+VHZCQ1+C£2+...+C£n (2.59)
- Following the same steps as for the case of two
B capacitors, we get the general formula for effective
- capacitance of a series combination of n capacitors:

C l:i+i+i+ +L
c’c ¢ ¢ ¢, (260

++++ |+

n

- 2.14.2 Capacitors in parallel

Figure 2.28 (a) shows two capacitors arranged in
parallel. In this case, the same potential difference is

applied across both the capacitors. But the plate charges
(+Q,) on capacitor 1 and the plate charges (+Q,) on the
C. | capacitor 2 are not necessarily the same:

: Q,=CV Q,=CV (2.61)

The equivalent capacitor is one with charge

9=0,+0, (2.62)

and potential difference V.

Q=Cv=C\V+CV (2.63)

The effective capacitance C is, from Eq. (2.63),

C=C,+C, (2.64)

The general formula for effective capacitance C for
parallel combination of n capacitors [Fig. 2.28 (b)]
follows similarly,

(b) Q=0,+Q,+...+Q, (2.65)
ie,CV=CV+C,V+..C V(2.66)
which gives

C=C +C,+...C, (2.67)

++++ [+

©
|
©

+4+++ | 4+

@]

B)

1
|
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Example 2.9 A network of four 10 pF capacitors is connected to a 500 V
supply, as shown in Fig. 2.29. Determine (a) the equivalent capacitance
of the network and (b) the charge on each capacitor. (Note, the charge on
a capacitor is the charge on the plate with higher potential, equal and
opposite to the charge on the plate with lower potential.)

+tQ -Q
B ‘| } ©
+ e -

_Q;; sl +Q
e “e0
C4
A :‘ }: D
++Q' -é
« 500 V >
FIGURE 2.29

Solution
(@) In the given network, C,, C, and C, are connected in series. The
effective capacitance C’' of these three capacitors is given by

For C, = C,= C;= 10 uF, C’= (10/3) uF. The network has C’and C,
connected in parallel. Thus, the equivalent capacitance C of the
network is

C=cC'+C,= é%oﬂo@ uF =13.3yF

(b) Clearly, from the figure, the charge on each of the capacitors, C,,
C, and C, is the same, say Q. Let the charge on C, be Q". Now, since
the potential difference across AB is Q/ C,, across BC is Q/C,, across
CD is Q/C,, we have

2.9 ,9 -500v

G G G ’

Also, Q'/C, = 500 V.

This gives for the given value of the capacitances,

Q =500V X%uF =1.7x107°C and

Q'=500V x10yF=5.0x107C

2.15 ENERGY STORED IN A CAPACITOR

A capacitor, as we have seen above, is a system of two conductors with
charge Q and —Q. To determine the energy stored in this configuration,
consider initially two uncharged conductors 1 and 2. Imagine next a
process of transferring charge from conductor 2 to conductor 1 bit by

Reprint 2026-27

6°C TTINVXG

73



Q -Q-68Q’ Q -Q bit, so that at the end, conductor 1 gets charge Q. By
+ - B charge conservation, conductor 2 has charge —-Q at
* B | theend (Fig 2.30).

N 09" _ In transferri iti h fi d

+ - — ing positive charge from conductor 2

+ - +—E - to conductor 1, work will be done externally, since at

+ + ~| any sta ductor 1 is at a high tential th
B N - y stage conductor 1 is at a higher potential than

: ~ +——— | conductor 2. To calculate the total work done, we first

+ - + > _| calculate the work done in a small step involving

4H
1 2 1 2 transfer of an infinitesimal (i.e., vanishingly small)
(@) ) amount of charge. Consider the intermediate situation

when the conductors 1 and 2 have charges Q’ and
—Q’respectively. At this stage, the potential difference
V'’ between conductors 1 to 2 is Q’/C, where C is the

FIGURE 2.30 (a) Work done in a small
step of building charge on conductor 1
from Q'to Q'+ & @’. (b) Total work done

in charging the capacitor may be capacitance of the system. Next imagine that a small

viewed as stored in the energy of charge 6 Q'is transferred from conductor 2 to 1. Work

electric field between the plates. done in this step (6 W), resulting in charge Q' on
conductor 1 increasing to Q+ 6 Q’, is given by

oW =V'6Q' = %JQ' (2.68)

Integrating eq. (2.68)
Q 2 @ 2
Q 5Q’ = lQ_ = Q_

W= I—
! C c 21 2C

We can write the final result, in different ways
Q1 ., _1

W==—2=—_CV”"=—-QV 2.
2C 2 2 ¢ (2.69)

Since electrostatic force is conservative, this work is stored in the form
of potential energy of the system. For the same reason, the final result for
potential energy [Eq. (2.69)] is independent of the manner in which the
charge configuration of the capacitor is built up. When the capacitor
discharges, this stored-up energy is released. It is possible to view the
potential energy of the capacitor as ‘stored’ in the electric field between
the plates. To see this, consider for simplicity, a parallel plate capacitor
[of area A (of each plate) and separation d between the plates].

Energy stored in the capacitor

197 _(Ao*)zx d

2C 2 gA

The surface charge density ois related to the electric field E between

(2.70)

the plates,
o
E=—

g (2.71)

From Eqgs. (2.70) and (2.71) , we get
Energy stored in the capacitor

74 U= (1/2)&E* xAd (2.72)
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Note that Ad is the volume of the region between the plates (where
electric field alone exists). If we define energy density as energy stored
per unit volume of space, Eq (2.72) shows that

Energy density of electric field,

u=(1/2)¢,E? (2.73)

Though we derived Eq. (2.73) for the case of a parallel plate
capacitor, the result on energy density of an electric field is, in fact,
very general and holds true for electric field due to any configuration
of charges.

Example 2.10 (a) A 900 pF capacitor is charged by 100 V battery
[Fig. 2.31(a)]. How much electrostatic energy is stored by the capacitor?
(b) The capacitor is disconnected from the battery and connected to
another 900 pF capacitor [Fig. 2.31(b)]. What is the electrostatic
energy stored by the system?

Q -9

+Q -Q 2 2
+ - + =
+ - + -
+ - -5 -
+ - + -
+ - + -
+ - + =
+ - + -
+ - =r =

Q
@)

100 V
o o Q9 . - -9
+ - 7 +‘ ‘ 2
+ -
+ —
(@) +‘ ‘-
+ _
+ -
+ -
C
(b)
FIGURE 2.31

Solution
(a) The charge on the capacitor is
Q=CV=900x% 10"2Fx100V=9x% 10%C
The energy stored by the capacitor is
=(1/2) cV* = (1/2) QV
=(1/2) X9 x 10°C x 100 V=4.5x 10°J

(b) In the steady situation, the two capacitors have their positive
plates at the same potential, and their negative plates at the
same potential. Let the common potential difference be V'. The

01 ¢ 91dNVXY
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ExamprLE 2.10

charge on each capacitor is then Q’= CV’. By charge conservation,
Q' = Q/2. This implies V' = V/2. The total energy of the system is

=2 X%Q'V': iQV =2.25x10°J

Thus in going from (a) to (b), though no charge is lost; the final
energy is only half the initial energy. Where has the remaining energy
gone?

There is a transient period before the system settles to the
situation (b). During this period, a transient current flows from
the first capacitor to the second. Energy is lost during this time in
the form of heat and electromagnetic radiation.

SUMMARY

Electrostatic force is a conservative force. Work done by an external
force (equal and opposite to the electrostatic force) in bringing a charge
q from a point R to a point P is q(V,-V,), which is the difference in
potential energy of charge g between the final and initial points.

Potential at a point is the work done per unit charge (by an external
agency) in bringing a charge from infinity to that point. Potential at a
point is arbitrary to within an additive constant, since it is the potential
difference between two points which is physically significant. If potential
at infinity is chosen to be zero; potential at a point with position vector
r due to a point charge Q placed at the origin is given is given by

1 9

V(r) =
(x) 4ane, r

The electrostatic potential at a point with position vector r due to a
point dipole of dipole moment p placed at the origin is

1 pr

V(r) = =
™ ane, r?

The result is true also for a dipole (with charges —q and q separated by
2a) for r>> a.

For a charge configuration q,, q,, ..., g, with position vectors r,
r,, ... T, the potential at a point P is given by the superposition principle
\V4 :L(&+q_2+”.+q_")
AT, T Typ Top

where r,;, is the distance between g, and P, as and so on.

An equipotential surface is a surface over which potential has a constant
value. For a point charge, concentric spheres centred at a location of the
charge are equipotential surfaces. The electric field E at a point is

perpendicular to the equipotential surface through the point. E is in the
direction of the steepest decrease of potential.
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Potential energy stored in a system of charges is the work done (by an
external agency) in assembling the charges at their locations. Potential
energy of two charges q,, q, at r, r, is given by

_ 1 qq,
4meg, 1,

where r,, is distance between g, and g,

The potential energy of a charge g in an external potential V(r) is gV(r).
The potential energy of a dipole moment p in a uniform electric field E
is —p-E.

Electrostatics field E is zero in the interior of a conductor; just outside
the surface of a charged conductor, E is normal to the surface given by

o .
E= E_n where n is the unit vector along the outward normal to the
0

surface and o is the surface charge density. Charges in a conductor can
reside only at its surface. Potential is constant within and on the surface
of a conductor. In a cavity within a conductor (with no charges), the
electric field is zero.

A capacitor is a system of two conductors separated by an insulator. Its
capacitance is defined by C = Q/V, where Q and —Q are the charges on the
two conductors and V is the potential difference between them. C is
determined purely geometrically, by the shapes, sizes and relative
positions of the two conductors. The unit of capacitance is farad:,
1 F=1C V™ For a parallel plate capacitor (with vacuum between the
plates),

oy

where A is the area of each plate and d the separation between them.

If the medium between the plates of a capacitor is filled with an insulating
substance (dielectric), the electric field due to the charged plates induces
a net dipole moment in the dielectric. This effect, called polarisation,
gives rise to a field in the opposite direction. The net electric field inside
the dielectric and hence the potential difference between the plates is
thus reduced. Consequently, the capacitance C increases from its value
C, when there is no medium (vacuum),

C = KC,
where K is the dielectric constant of the insulating substance.
For capacitors in the series combination, the total capacitance C is given by

1 1 1 1
=t —t—t...

CcC C C, C,
In the parallel combination, the total capacitance C is:
C= C +C,+Cy+ ...

where C,, C,, C,... are individual capacitances.
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12. The energy U stored in a capacitor of capacitance C, with charge Q and

Physical quantity

Potential

Capacitance

Polarisation

Dielectric constant

78

$orv M' LT3 A \ Potential d@m

voltage V is

2

U =lQV :lcv2 :lQ_

2 2 2 C
The electric energy density (energy per unit volume) in a region with

electric field is (1/2)g,E*.

Symbol Dimensions Unit Remark

physically ificant

c IM'L2T*A% F
P L2 AT] - Dipo ment per unit

g

POINTS TO PONDER

Electrostatics deals with forces between charges at rest. But if there is a
force on a charge, how can it be at rest? Thus, when we are talking of
electrostatic force between charges, it should be understood that each
charge is being kept at rest by some unspecified force that opposes the
net Coulomb force on the charge.

A capacitor is so configured that it confines the electric field lines within
a small region of space. Thus, even though field may have considerable
strength, the potential difference between the two conductors of a
capacitor is small.

Electric field is discontinuoug_ across the surface of a spherical charged
shell. It is zero inside and ¢ 1 outside. Electric potential is, however
continuous across the surface, equal to g/4ne,R at the surface.

The torque p X E on a dipole causes it to oscillate about E. Only if there
is a dissipative mechanism, the oscillations are damped and the dipole
eventually aligns with E.

Potential due to a charge g at its own location is not defined - it is
infinite.

In the expression gV(r) for potential energy of a charge g, V(r) is the
potential due to external charges and not the potential due to g. As seen

in point 5, this expression will be ill-defined if V(r) includes potential
due to a charge q itself.
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A cavity inside a conductor is shielded from outside electrical influences.
It is worth noting that electrostatic shielding does not work the other
way round; that is, if you put charges inside the cavity, the exterior of
the conductor is not shielded from the fields by the inside charges.

EXERCISES

Two charges 5 x 10°®C and -3 x 10® C are located 16 cm apart. At
what point(s) on the line joining the two charges is the electric
potential zero? Take the potential at infinity to be zero.

A regular hexagon of side 10 cm has a charge 5 uC at each of its
vertices. Calculate the potential at the centre of the hexagon.

Two charges 2 uC and -2 pC are placed at points A and B 6 cm
apart.

(a) Identify an equipotential surface of the system.

(b) What is the direction of the electric field at every point on this
surface?

A spherical conductor of radius 12 cm has a charge of 1.6 X 107°C
distributed uniformly on its surface. What is the electric field

(a) inside the sphere
(b) just outside the sphere
(c) at a point 18 cm from the centre of the sphere?

A parallel plate capacitor with air between the plates has a
capacitance of 8 pF (1pF = 107'? F). What will be the capacitance if
the distance between the plates is reduced by half, and the space
between them is filled with a substance of dielectric constant 6?

Three capacitors each of capacitance 9 pF are connected in series.
(a) What is the total capacitance of the combination?

(b) What is the potential difference across each capacitor if the
combination is connected to a 120 V supply?

Three capacitors of capacitances 2 pF, 3 pF and 4 pF are connected
in parallel.

(a) What is the total capacitance of the combination?

(b) Determine the charge on each capacitor if the combination is
connected to a 100 V supply.

In a parallel plate capacitor with air between the plates, each plate
has an area of 6 X 10 m? and the distance between the plates is 3 mm.
Calculate the capacitance of the capacitor. If this capacitor is
connected to a 100 V supply, what is the charge on each plate of the
capacitor?
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2.9

2.10

2.11

Explain what would happen if in the capacitor given in Exercise
2.8, a 3 mm thick mica sheet (of dielectric constant = 6) were inserted
between the plates,

(a) while the voltage supply remained connected.
(b) after the supply was disconnected.

A 12pF capacitor is connected to a 50V battery. How much
electrostatic energy is stored in the capacitor?

A 600pF capacitor is charged by a 200V supply. It is then
disconnected from the supply and is connected to another
uncharged 600 pF capacitor. How much electrostatic energy is lost
in the process?

Reprint 2026-27





